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Abstract: In this paper, by constructing the appropriate operator, using a new cone fixed point
theorem. The existence of at least one positive solutions for boundary value problem of fractional
differential equations with the first order derivative

Dy u(t)+ f(tu(),u’(t))=0,0<t<l
u(@)=u'()=u"(0)=0

is considered, where T with the first derivative.2< @ <3
f :[0,2]x[0, +o0) [0, +00) — [0, +00) -

1. Introduction

Recently, With the development of nonlinear science, The researchers found that using
fractional differential equations can more accurately describe the changing laws of natural
phenomena. where, Fractional differential equations have important applications in cybernetics,
hydrology, chemistry, signal recognition and other fields, His research has attracted wide attention
and some related monographs have been published™. therefore, It is very important to study the
boundary value problems of fractional differential equations for solving nonlinear problems!” %%,

Bai [2] investigated the existence of positive solutions for fractional differential equations, by
the use of a fixed point theorem.

Dj.u(t)+ f(t,u(t))=0,0<t <1

u(@)=u@=0
Where,1<a <2, f is continuous, by a fixed point theorem in cone, the existence of at least one

positive solutions of BVP .
Kosmatov [3] investigated the existence of positive solutions for fractional differential
equations.

D u(t)+ f(t,u(t),u’(t))=0,0<t <1,
{ u(0)=u@® =0
where 1<a<2is a real number, Dy, is a R—L fractional derivative of standard, function
f e L'[0,1] is satisfying condition of Carathé.

Liu [4] investigated the existence of Multiple positive solutions for fractional differential
equations.

Dyu(t)+ f(t,u(t), Dy u(t)) =0,0<t <1,
u(@)=u'(@)=u"(0)=0
where 2<a <3,1< <2, f :[0,1]x[0, +0) — [0, +0) is continuous functional.

All the above works ,In this paper, we are concerned with the existence of
positive solutions for boundary value problem of fractional differential equations with the first order
derivatives
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{Dg;u(t)+ f(t,u(),u't) =0,0<t<; (D

u(0)=u'@w)=u"(0)=0
where 2<a <3,1< <2, f :[0,1]x[0, +00) x[0, +o0) — [0, +o0) is continuous functional.

2. The preliminary lemmas

Define 2.1 Function y: (0, +%0) — R is integral of Riemann-Liouville, o >0,
then

Y0 =5 s [, €97 (s

where The right hand side is defined in (0,+0).
Define 2.2 Function y: (0, +w) — Ris fractional derivative of Caputo, & >0,
then
Dsy() = ——— |- )
p(m—-a) - (t-s)
where 0<m-1<a<m.
Lemma 2.1 Let & > 0, fractional differential equations DZ u(t) =0 has the unique solution:
ut)=c, +ct+c,t’ +---+ct' +---+c t"*, ¢ eR,i=012+N
where N =[a]+1.
Lemma 2.2 (Schauder fixed point theorem) Let E is a Banach space, K is a bounded closed

convex subset of E. T : K — K Is a completely continuous operator, then T have a fixed pointin P.
Lemma 2.3 Let r, >r, >0,L >0 be constants and

Q,={ueX:o()<r,r(u)<L},i=12, two bounded open setsin X,
Set D, = {u eX:o()= ri},i =12 .Assume T:K —>K is a completely continuous operator
satisfying:

(A1) o(Tu)<r,ue D NK;o(Tu)>r,,ueD,NK;

(A2) r(Tu)<L,ueK;

( Az ) there is pe(Q,NK)\{0}, such that o(p)=0 and oc(u+Ap)=>oc(u) for all
uekK,1>0.

Then T has at least one fixed pointin (Q,\Q,)NK.

Lemma 2.4 For any f(t)eC(0,1),2<a <3, then

—Dg.u(t) = f(t),t[0,1]; (2)
u(0)=u'())=u"(0)=0
has the unique solution : u(t) = _[:G(t, s) f(s)ds (3)
a-2 a—
(“‘1)“1‘;) —(=9" hes<r<t
where G(t,s) = v @ @
=9 0<t<s<i
I'a-1)

By (3) ,we have u'(t)='|.:%f(s)ds.

Lemma 2.5 For any f (t) e C(0,1) ,then G(t,s) has:
(1) G(t,s) >0, where G(t,s) e C([0,1]x[0,1]),t,s € (0,1) ;
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(2) rorl?<>1<G(t,s):G(l,s),sE[O,l];
(3) 3r(s)eC(0,1),s (0,1), and satisfying:

n<1t|<n G(t,s) >r(s)M(s) (5)
Eﬂi?:(G(t S)<M(s) (6)
where, M (s) = (1{(_;{11)2 » r(s)= (a_i)((i__i))zlz__s;j)al
3. The main results

Let X be the Banach space, K — X is a cone. Suppose «, 5: X — R"are two convex functionas,
satisfying: a(Au) =|4|a(u), B(Au) =|A|B(u), ue X, 1 eR.
and |ul| <M max{a(u), BU)}, ueX;: a(u)<a(v), uveK,usv
where M >0 be constant.
Define Banach space: X ={u|u(t)  C'[0,1]} equipped with the norm
|lu]| = max |u(t)], |u’|| = max |u'(t)|, K isaconein X ,K = {u e X,u(t)>0}.

te[0,1] te[0,1]

, Yue X ; then

Jull < 2max{a(u), Au)} » a(iu) =|A|e(u), f(Au) =|2| BU), Vue X, AeR;
a(u)<a(v), uveK,u<v.

Define functionals a/(u) = {n[%|u(t)|,/5’(u) = m[%
[0, telO,

3
In the following, we denote : M =JjM (s)ds, N :L“r(s)M (s)ds, Q =L

I'(a)
4

We will suppose that there are L >b>rb>c >0, such that f(t,u,v) satisfies the following
growth conditions:

(H1

, (t,u,v) €[0,1]x[0,c]x[-L, L]
(Hy) f(t,u,v)z%, (t,u,v)e[%,%]x[rb,b]x[—L,L]

(Hy) f(t,u,v)<%, (t,uv) € [0,1]x [0, b]x[~L, L]

f (t,u,v), (t,u,v) €[0,1]x [0, b] x (—o0, +00)

f(t,u,v),(t,u,v) €[0,1]x[b, +0) x (—o0, +0)

f(t,u,—L), (t,u,v) €[0,1]x [0, +0) x (—o0, —L]

and T(t,u,v)=4 f(t,u,v),(tu,v)e[0,1x[0,+ox[-L, L]
f(t,u,L),(t,u,v) €[0,1]x[0, +0) x[ L, +0)

Let f(t,u,v):{

Define :
(Tu)(t) = [ G(t,5) F(s,u,v)ds

:Jt (@ -DtA-s)** —(t—s)""* fs.u v)d5+j td- S)a_l f(s,u,v)ds
1t(1 s)“ 5 =) o
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1GG(t,s)

(Tu)'(t) = j f(s,u,v)ds

a-2 a-2
—J' (1 5) f(s,u,v)ds— J' (t=s) =2 f(s,u,v)ds
[(a-1) I'(a-1)

Lemma 3.1: Suppose f (s,u,v) €[0,1]x[0, +o0) x[0, +o0) is continuous, then

T:K — K is completely continuous.
Proof: By define of (Tu)(t), there is Tu e C[0,1]xC"[0,1]and Tu >0 for all
VueK .wehave T(K)cK.

For f (s,u,v) € C([0,1] %[0, +0) x[0,+x0))and G(t, s) € C([0,1] x[0,1]) ,we haveT is continuous.

Under T is a compact operator, let Q<K is boundthen Ja>0 , such that
lu| <
Let 0:0 m%x, f(s,u,u')|+1, thenYu € Q, by Lemma 2.3,there is
|(I'u)(t)|:U:G(t,s)f(s,u,u’)ds <
(1 S)aZ
<@d| M(s)ds=6 ds
JM@)ds=6f T
__9 20
I'(a) F(a)
(1 S) (t-s)* ,
(Tu)'(t) f(s,u,u’)ds—| ———f(s,u,u’)ds
| - -1) I I'a-1)
l SaZ t Sa2
< (J'( ) j( )
IN'a- 1) IN'a- 1)
¢9t‘“< 20
F(a) F(a) I'(a)
a-1
By Lemma 2.5t [0,1], |(Tu)’ (t)|<0( . ) < 20_ soT (K ) uniform bound.

@) @ @)
On the other hand, let t,,t, €[0,1],t, <t,,u € Q ,then have

ITU)(E,) — (Tu)(t)| = ‘IlG(tz, 5)f (s,u,u')ds—jle(tl,s) f (s,u,u')ds‘
j(t ) S)azf(suu)ds [l

Cfsu. wyds+ [T G=9)" o " £ (s.u.u)ds

F( ) )
< 9I1|(t2 _t1)(1_3)a 2 J‘ (t )a 1 J~t1 (t,- S)“—l is
0 [ -1) ()
0 0 o
S%(tz_tl)‘km(tz -t)
|(Tu)(t,) - (Tu) ()] = GG(gtz,s) f (s,u,u’)ds — j aG(tl’S) f(s,u,u’)ds

:F( L 1—5)“‘2f(s,u,u’)ds—'[;(tz—s)“‘zf(s,u,u’)ds‘
a_

:m[t“ t ]

In conclusion, T is completely continuous.
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Theorem 3.1:For f(s,u,v)e[0,1]x[0,+00)x[0,+x) is continuous, and condition (Hy) - (Hj3)
hold, Then BVP (1) has at least one positive solution u(t), satisfying

c<a(u)<b,pu)<L
Proof : Take O, ={ue X :a(u)<c, ) <L},Q, ={ue X :a(u)<b, A(u) <L} two bounded open
setsin X ;and D, ={ue X :a(u)=c},D,={ue X :a(u)=b}.

By Lemma 3.1, T : K — K is completely continuous operator, and there is
Jp e (Q, NK)\{0}, ¢(p) # 0 ,such that a(u+Ap)>a(u), where ueK,1>0.

(1) By (Hyp) and a(u)=c,ueD,NK, we have

a(Tu)=max le(t,s)f_(t,u,v)ds

'Gt.9)-C d
<max|], G(t,s)7-ds

C ¢l
SVIOM(S)ds:c
(2) u(t)=rul. te[— —] for a(u)=b,ue D,NKand (Hy) ,we get

>max
t[ ]

(3) ByueD,NKand (H3) ,we get

jaG( S) F(t,u,u)ds| =

a(Tu) = max‘_[ G(t,s) f (t,u,v)ds

j4e(t s)—ds

>_j r(s)M(s)ds =b

(t S)a2
I'(a-1)

L(Tu) = max

te[01]

f(s,u,u’)ds

tE[O 1]

j—)f(suu)ds j

) ?ds— [\ (t—s)* 2ds]x =
) 2ds— [/ (t—5)" “ds] 5

1 tet L 2 L
=[——+——]x=—<——x—=
[a) T(a) Q If(a) Q

Theorem 3.1 implies there is u € (Q, \Q1) N K, suchthat u=Tu.So u(t) is a positive

solution for BVP(1), satisfying :
c<a(u)<b,pu)<L

4. Conclusion

In this paper, the existence of at least one solutions to boundary value problem of fractional
differential equations with one order derivative is considered; by constructing the appropriate
operator, using a new cone fixed point theorem. the existence of solution is verified .
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